In order to avoid the difficulties encountered by relativistic quantum theory of single particles, we pursue a deductive development of the theory from physical principles, without canonical quantization, by making use of group-theoretical methods. Our work has pointed out the necessity of new classes of irreducible representations of the Poincaré group the quantum theory of a particle can be based on. For spin 0 particle, four inequivalent theories are completely determined, with fundamental differences with respect to Klein-Gordon theory.
Introduction
Canonical quantization was the primary method for formulating specific relativistic particle theories [1] , [2] , [3] ; despite the successful results in the non relativistic case, the problems encountered by relativistic particle theories yielded by canonical quantization ultimately led theoretical physicists to turn on quantum field theory to model elementary particle physics [4] .
This state of affairs has its roots in the methodological features of canonical quantization. In order to formulate the quantum theory of a specific physical system, canonical quantization prescribes to start from its classical theory. For a particle we could start from its Hamiltonian classical theory, where the position's coordinates (q 1 , q 2 , q 3 ) ≡ q are dynamical variables, with conjugate momenta p ≡ (p 1 , p 2 , p 3 ) and with Hamiltonian function h(q, p, t); then the prescriptions of canonical quantization dictate to replace the dynamical variables q j and their momenta p j with operators Q j and P j , and to replace the Poisson brackets { , } of the classical theory with operator's commutators i [ , ] . We see that this procedure provides no deductive path that leads to results from physical principles. For this reason the real causes of problematic or inconsistent predictions cannot be singled out to be remedied, in general.
The aim of this work is to pursue an approach alternative to canonical quantization, which formulates the theories through a deductive development from physical principles. This methodological commitment should prevent from the problems occurring with canonical quantization.
For an isolated system, we shall assume as physical principle the invariance with respect to Poincaré transformations, which implies the existence of a projective representation of the Poincaré group in the Hilbert space of the theory. Consequently, the first step of our approach, in sections 2 and 3, has been the identification of the class of irreducible projective representations of Poincaré group, that turned out to be richer than that considered in the literature; in particular, also representations with anti-unitary space inversion operator are identified.
In section 4, coherently with our methodological commitments we identify the quantum theory of an elementary free particle, specific example of isolated system, by imposing the transformation properties of the position observable, expressed by means of a suitably conceived notion of quantum transformation. Accordingly, the identification is addressed by selecting the irreducible representations that admit such a position operator.
For spin zero particle we identify four inequivalent complete theories. Though Klein-Gordon equation can be derived from the present theories, there are fundamental differences. In particular, two of the theories are based on irreducible representations of the Poincaré group belonging to the new classes. The theories do not suffer the shortcomings of Klein-Gordon theories, such as negative density of position probability. Moreover, the inconsistency of the four density pointed out by Barut and Malin [5] is avoided.
Notation and mathematical tools
We shall make use of the following mathematical structures developable within the formalism of a complex and separable Hilbert space H, that are of general interest also in quantum theory.
-The set Ω(H) of all self-adjoint operators of H; in a quantum theory these operators represent quantum observables.
-The lattice Π(H) of all projections operators of H; in a quantum theory they represent observables with spectrum {0, 1}.
-The set Π 1 (H) of all rank one orthogonal projections of H.
-The set S(H) of all density operators of H; in a quantum theory these operators represent quantum states. The following definition introduces generalized notions of group representation.
Definition 2.1. Let G be a separable, locally compact group with identity element e. A correspondence U : G → V(H), g → U g , with U e = 1I, is a generalized projective representation of G if the following conditions are satisfied.
ii) for all φ, ψ ∈ H, the mapping g → U g φ | ψ is a Borel function in g.
Whenever U g is unitary for all g ∈ G, U is called projective representation, or ς-representation.
A generalized projective representation is said to be continuous if for any fixed ψ ∈ H the mapping g → U g ψ from G to H is continuous with respect to g.
In [6] we have proved that the following statement holds.
Proposition 2.1. If G is a connected group, then every continuous generalized projective representation of G is a projective representation, i.e. U g ∈ U (H), for all g ∈ G.
Given any vector x = (x 0 , x) ∈ IR 4 , we call x 0 the time component of x and x = (x 1 , x 2 , x 3 ) the spatial component of x. The proper orthochronous Poincaré group P ↑ + is the separable locally compact group of all transformations of IR 4 generated by the ten one-parameter sub-groups T 0 , T j , R j , B j , j = 1, 2, 3, of time translations, spatial translation, proper spatial rotations and Lorentz boosts, respectively. The Euclidean group E is the sub-group generated by all T j and R j . The sub-group generated by R j , B j is the proper orthochronous Lorentz group L ↑ + [7] . It does not include time reversal ⊳ t and space inversion ⊳ s.
The group generated by {P ↑ + , ⊳ t, ⊳ s} is the separable and locally compact Poincaré group P. By L + we denote the subgroup generated by L ↑ + and ⊳ t, while L ↑ denotes the subgroup generated by L + and ⊳ s; analogously, P + denotes the subgroup generated by P ↑ + and ⊳ t, while P ↑ is the subgroup generated by P ↑ + and ⊳ s.
All sub-groups T 0 , T j , R j , B j of P ↑ + are additive; in fact, B j is not additive with respect to the parameter relative velocity u, but it is additive with respect to the parameter ϕ(u) = 1 2 ln 1+u 1−u . Then, according to Stone's theorem [8] , for every continuous projective representation U of P ↑ + there exist ten self-adjoint generators P 0 , P j , J j , K j , j = 1, 2, 3, of the ten one-parameter unitary subgroups {e iP 0 t }, {e −iP j a j , a ∈ IR}, {e −iJ j θ j , θ j ∈ IR}, {e −iK j ϕ(u j ) , u j ∈ IR} that represent the one-parameter sub-groups T 0 , T j , R j , B j according to the projective representation g → U g of the Poincaré group P ↑ + .
Characterizations of irreducible representations of P
Now we state properties of irreducible generalized projective representation U of P whose restriction to P ↑ + is continuous, so that U g ∈ U (H) for all g ∈ P ↑ + , according to Prop. 2.1. The proofs of statements not given in the present work can be found in [9] .
While U g ∈ U (H) if g ∈ P ↑ + , since ⊳ t and ⊳ s are not connected to P ↑ + , the time reversal operator ⊳ T = U⊳ t and and the space inversion operator ⊳ S = U ⊳s can be unitary or anti-unitary; now we see how this character is related to spectral properties of P 0 . Proposition 2.2. If a generalized projective representation U : P → U (H) is irreducible, then a real numbers η exists such that P 2 0 − P 2 = η1I. This statement holds for an irreducible projective representation U :
In the present work we consider only irreducible generalized projective representations of P with positive parameter η > 0.
The following proposition establishes that the spectrum σ(P 0 ) of P 0 must be one of three definite subsets 
Given an irreducible generalized projective representation U of P, we define the projection operators
p 0 is the resolution of the identity of P 0 . In [9] we prove the following proposition.
Proposition 2.4. In an irreducible generalized projective representation
O holds for all g ∈ P ↑ + . According to Prop. 2.4, in the case of symmetrical spectrum σ(
In any case, the reduction U ± | P ↑ + can be reducible or not.
3 The irreducible representations U of P with U
In general [9] , every irreducible projective representation of P with η > 0 is characterized by a parameter s ∈ Props. 2.3 and 2.4 imply that the irreducible representations U of P can be classified according to the spectrum σ(P 0 ) and to the reducibility/irreducibility of U ± | P ↑ + . In the present section we present the complete identification of the possible irreducible generalized projective representations U of P with U ± | P ↑ + irreducible, as determined in [9] .
The case σ(P
Once fixed s, µ, if σ(P 0 ) = I ± µ , modulo unitary isomorphisms there is only one irreducible projective representation of P ↑ + with σ(P 0 ) = I + µ and only one with σ(P 0 ) = I − µ , that we briefly present. The Hilbert space of the projective representation is the space
, square integrable with respect to the measure dν(p) = dp 1 dp 2 dp 3
For the case σ(P 0 ) = I + µ , the following statements hold. -The generators P j are the multiplication operators defined by (P j ψ)(p) = p j ψ(p);
; hence, they can be fixed to be the three spin operators of I C 2s+1 ;
-the generators K j are given by
-the unitary space inversion operator and the anti-unitary time reversal operator are ⊳ S = Υ, and
where -Υ is the unitary operator defined by (Υψ)(p) = ψ(−p),
-τ is a unitary matrix of I C 2s+1 such that τ S j τ −1 = −S j , for all j; such a matrix always exists and it is unique up a complex factor of modulus 1; moreover, if s ∈ IN then τ is symmetric and τ τ = 1, while if s ∈ IN + 1 2 then τ is anti-symmetric and τ τ = −1 [10] ; -K is the anti-unitary complex conjugation operator defined by Kψ(p) = ψ(p).
For the irreducible projective representation with σ(P 0 ) = I − µ , the generators P j , J k , ⊳ T and ⊳ S are identical to the case σ(P 0 ) = I − µ ; P 0 and K J change sign.
. It is convenient to represent each vector ψ ∈ H, ψ = ψ + + ψ − , with ψ + = E + ψ and ψ − = E − ψ, as a
In such a representation the generators of U | P ↑ + are in the so called canonical form
where
Then there are the following six inequivalent representations U (1) , U (2) ,...,U (6) with the same s, µ.
U ( (the matrix entries "1" and "0" denote the identity and null operators of I C 2s+1 ).
Thus, fixed s and µ, taking into account all cases (u), (d), (s), there are eight inequivalent irreducible generalized projective representations of P with U ± | P ↑ + irreducible. However, all these octets do not exhaust the class I P of all irreducible generalized projective representations of P with these s, µ, because the class of irreducible representations of P with
reducible is not empty, as shown in [9] ; in fact, the whole class I P contains classes that are not considered in the literature about relativistic quantum theories of single particles, namely I P (ant.), i.e. the class that collects all representation of the kind U (3) -U (6) , I P (U ± red.), i.e. the class of all representations in I P with
Quantum theories of single particles
In order to identify the specific theories of isolated systems, we interpret P as a group of changes of reference frame, according to special relativity. Accordingly, given a reference frame Σ in the class F of the (inertial) reference frames that move uniformly with respect to each other, for every g ∈ P, Σ g denotes the reference frame related to Σ just by g, and let g : IR 4 → IR 4 be the mapping such that if x = (t, x 1 , x 2 , x 3 ) ≡ (x 0 , x) is the vector of the time-space coordinates of an event with respect to Σ, then g(x) is the vector of the time-space coordinates of that event with respect to Σ g .
Let us now consider an isolated physical system. We formulate the following statement as a physical principle valid for this system.
(Sym) The theory of an isolated system is invariant for changes of frames in F. Now we imply from (Sym) that for each transformation g ∈ P a specific quantum transformation S g : Ω(H) → Ω(H), A → S g [A] of the quantum observables exists, we shall define below through the concept (Ind) of relative indistinguishability between measuring procedures of quantum observables.
(Ind) Given two reference frames Σ 1 and Σ 2 in F, if a measuring procedure M 1 is relatively to Σ 1 identical to what is another measuring procedure M 2 relatively to Σ 2 , we say that M 1 and M 2 are indistinguishable relatively to (Σ 1 , Σ 2 ).
Given Σ 1 and Σ 2 in F, for every measuring procedure M 1 another measuring procedure M 2 must exist such that M 1 and M 2 are indistinguishable relatively to (Σ 1 , Σ 2 ), otherwise the invariance stated by (Sym) would fail.
Definition 4.1. (QT ).
Fixed any Σ ∈ F, the quantum transformation of g ∈ P is the mapping
such that the quantum observables A and S g [A] are measured by two measuring procedures M 1 and M 2 , respectively, that are indistinguishable relatively to (Σ, Σ g ).
Then, the physical principles compel [9] the following properties of quantum transformations.
(S.1) Every S g : Ω(H) → Ω(H) is bijective. Properties (S.1) and (S.2) were sufficient [6] to prove that each quantum transformation S g is an automorphism of the lattice Π(H) of the projection operators; therefore, according to Wigner theorem [6] , [11] , a unitary or anti-unitary operatorŨ g must exist such that
Given any real function θ of g, the operatorsŨ g and e iθ(g)Ũ g yield the same quantum transformation asŨ g , i.e.Ũ g AŨ −1
, and, hence, U g = e iθ(g)Ũ g can replaceŨ g in the specific quantum theory of the system. In particular, we can set U e = 1I.
Condition (S.3) implies that
Hence, in general the correspondence U : P → V(H), g → U g realized according to these prescriptions is a generalized projective representation. We assume that the correspondence g → S g from P ↑ + into the automorphisms of Π(H) is continuous, according to Bargmann topology [6] ; this assumption can be motivated by the idea that a small transformation g ∈ P ↑ + determine a small change from A to S g [A] . This continuity implies [9] that the restriction U : P ↑ + → U (H) can be made continuous by redefining the free phase θ(g), and therefore it is a continuous projective representation, according to Prop. 2.1.
Thus, from the principles (Sym) we have inferred that the Hilbert space of the quantum theory of an isolated system must necessarily be the Hilbert space of a gen-eralized projective representation of P, that determines the quantum transformations as
g ; moreover, the restriction U | P ↑ + is continuous.
Localizable particle theories
By localizable free particle, shortly free particle, we mean an isolated system whose quantum theory is endowed with a unique position observable, namely with a unique triple (Q 1 , Q 2 , Q 3 ) ≡ Q of self-adjoint operators, whose components Q j are called coordinates, characterized by the following conditions.
This condition establishes that a measurement on a particle is possible, that yields all three values of the coordinates of that specimen of the particle.
(Q.
2) The triple (Q 1 , Q 2 , Q 3 ) ≡ Q is characterized by the specific properties of transformation of position with respect to the group P, i.e. by the specific mathematical relations between Q and S g [Q] . 
being the function that realizes g.
Analogously, the transformation properties with respect to spatial rotations imply
whereǫ ljk is the Levi-Civita symbol restricted by the condition l = j = k.
Following a customary habit, we refer to a particle for which U is irreducible as an elementary particle [9] . Accordingly, by selecting the irreducible generalized projective representations U of P that admit such a triple Q we identify the possible theories of elementary free particles.
In this section we identify complete theories for the case with spin parameter s = 0. The case s > 0 is addressed in [9] .
Elementary particle: cases
Let U be any irreducible representation of P with σ(P 0 ) = I + µ , given in section 3.1, where H = L 2 (IR 3 , I C 2s+1 dν). The Newton and Wigner self-adjoint operators [12] are
In case s = 0, we have S k = 0, Ω(I C 2s+1 ) = Ω(I C) ≡ IR, and τ = 1. Then (6) together with [J j , P k ] = iǫ jkl P l implies f j (P) = h(|p|)p j ; by redefining h(|p|) = f (p 0 ), with p 0 = µ 2 + p 2 , we have
Now, ⊳ TF j = F j ⊳ T straightforwardly holds and (Q.2.a) implies ⊳ TQ j = Q j ⊳ T, so that we obtain ⊳ Tf j (p) = f j (p) ⊳ T; from this equality, since ⊳ T = KΥ, by (7) we derive
Since
i.e. ⊳ SQ = −Q ⊳ S turns out to be trivially satisfied. Thus, if s = 0, there is a unique position operator Q = F and it is completely determined by (Q.1) and (Q.2.a),(Q.2.b). This result agrees with the different derivations of the Newton and Wigner operators as position operators [12] , [13] .
By a quite similar derivation the same result, Q = F is obtained for σ(P 0 ) = I − 
So, to determine Q we have to determine the functions d mn of p 0 ; the conditions ⊳ TQ = Q ⊳ T and ⊳ SQ = −Q ⊳ S can help in solving the indeterminacy. However, according to section 3.2, now the explicit form of ⊳ T and ⊳ S depend on their unitary or anti-unitary character; so we show the result determined in [9] for each different combination [9] .
(UU) Let us start with the case where ⊳ T = 0 1 1 0 , while ⊳ S = Υ 1 0 0 1 or
. By making use of these explicit forms and of (Q.2a) we found that D and hence Q remain undetermined.
(UA) In the case that
ii) if ⊳ S = K 0 1 1 0 , then Q is uniquely determined, and Q =F.
(AA) In the case ⊳ T = KΥ 1 0 0 1 ,
ii) if ⊳ S = K 0 1 1 0 then Q is uniquely determined and Q =F.
Klein-Gordon particles
In sections 
2 (x jP0 +P 0 x j ), while⊳S = Υ,⊳T = K. The NewtonWigner operator representing position, in this representation becomes the multiplication operatorQ j , defined byQ j ψ(x) = x j ψ(x). Accordingly, the wave equation is
T .2 The new formulation of the theory of section 4.2, identified by σ(P 0 ) = I − µ and s = 0, differs from T .1 just for P 0 and K j that change sign, so that
T .3 The theory of section 4.3, with σ(P 0 ) = I + µ ∪ I − µ and s = 0, identified by ⊳ T = 0 1 1 0 and ⊳ S = K 0 1 1 0 , can be equivalently reformulated in the
The position operator isQ j = x j 0 0 x j .
The wave equation is
T . 4 The theory corresponding to (AA.ii) in section 4.3, identified by ⊳ T = ΥK 1 0 0 1 and ⊳ S = K 0 1 1 0 , differs from T .3 only for these operators.
The early theory [1] , [2] , [3] , for spin 0 particle establishes that the wave equation is Klein-Gordon equation
which is second order with respect to time. This is an evident difference with respect to theories T .1-T .4, where all wave equations are first order. However, in each theory T .1-T .4 if the wave equation is solved by ψ t , then the derivative of the equation with respect to time yields −
which coincides with Klein-Gordon equation, once identified µ with the mass m. However, this coincidence does not mean that theories T .1-T .4 are equivalent to KleinGordon theory. A first difference is that according to our approach there are four inequivalent theories for spin 0 and "mass" µ particles. In T .1 there are no wave functions corresponding to negative spectral values of P 0 . In T .2 the positive values are forbidden. Klein-Gordon theory does not exhibit this differentiation. In particular, the space of the vector states is only one, namely the space generated by the solutions of (13) . A second evidence of non-equivalence is the difference between the set of solutions of the respective wave equations: while all solutions of the wave equations of T .1-T .4 are solution of Klein-Gordon equation, the converse is not true, in general; thus, from the point of view of T .1-T .4, the extra solutions of Klein-Gordon equation are un-physical.
A third important difference concerns with the physical interpretation and its consistency. By means of mathematical manipulation it can be implied that for every solution ψ t of Klein-Gordon equation (13) the "continuity" equation ∂ ∂tρ = ∇ ·ĵ holds, whereρ(t, x) = i 2m ψ t ∂ ∂t ψ t − ψ t ∂ ∂t ψ t was interpreted as the probability of position density andĵ(t, x) = i 2m ψ t ∇ψ t − ψ t ∇ψ t as its current density. This interpretation is at the basis of the Dirac concern [14] that position probability density can be negative. A way to overcome the difficulty was proposed by Feshbach and Villars [15] (∇ + mσ 3 ); in this representationρ = |φ t | 2 − |χ t | 2 , without time derivatives. The minus sign inρ forbids to interpret it as probability density of position; Feshbach and Villars proposed to interpret it as density probability of charge. Nevertheless, according to Barut and Malin [5] , covariance with respect to boosts should imply thatρ must be the time component of a four-vector. Barut and Malin proved that is not the case.
The theories T .1-T .4 do not suffer these problems. Indeed, in all of them the position is represented by the multiplication operator; therefore, the probability density of position must necessarily be ρ(t, x) = |ψ t (x)| 2 in T .1, T .2 and ρ(t, x) = |ψ + t (x)| 2 + |ψ − t (x)| 2 in T .3, T .4. Thus, the quantum state at a given time determines the nonnegative probability density of position.
On the other hand, the covariance properties with respect to boosts, according to (Q.2), are explicitly expressed by S g [Q] = e iK j ϕ(u) Qe −iK j ϕ(u) , being K j and Q explicitly known, and there is no need of a four-density concept.
Each of the theories T .1-T .4 corresponds to a possible kind of particle; being unitarily inequivalent, they correspond to different kind of particles. The actual existence in nature of each of these particles is not a matter that can be assessed in this theoretical paper.
